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Abstract
In [M.H. Escardo, J. Lawson, A. Simpson, Comparing cartesian closed categories of (core) compactly generated spaces, Topol-
ogy Appl. 143 (2004) 105–145] it is shown that in the set C(Nω,N) of all continuous maps of Nω into N , where N is an infinitely
countable discrete topological space, the compact-open topology is not the finest splitting topology. Since Nω is consonant (see
[S. Dolecki, G.H. Greco, A. Lechicki, When do the upper Kuratowski topology (homeomorphically, Scott topology) and the co-
compact topology coincide? Trans. Amer. Math. Soc. 347 (1995) 2869–2884]) the Isbell topology on C(Nω,N) also is not the
finest splitting topology. This result is generalized in the present paper proving that it is true also for spaces having the so-called
Specific Extension Property. The following spaces have the Specific Extension Property: (a) infinitely countable free unions of non-
empty spaces, (b) non-compact Lindelöf zero-dimensional spaces, and (c) metric locally convex linear spaces. In particular, we
prove that on the set of all real-valued functions on the (separable infinite dimensional) Hilbert space the compact-open topology
does not coincide with the finest splitting topology.
© 2007 Elsevier B.V. All rights reserved.
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1. Preliminaries
In the present paper, by a space we mean a topological space without any separation axiom. A space X is: (a) com-
pact if every open cover of X has a finite subcover, (b) Lindelöf if every open cover of X has a countable subcover,
and (c) zero-dimensional if X has a basis for open sets consisting of simultaneously open and closed subsets. We re-
call that a compact subset of a (non-Hausdorff) space, in general, is not closed. Also, by ω we denote the first infinite
cardinal which is identified here with the set of all non-negative integers.
Let Y and Z be two spaces. If t is a topology on C(Y,Z) of all continuous maps of Y into Z, then the corresponding
space is denoted by Ct(Y,Z).
Let X be a space and g :X × Y → Z a continuous map. By gx , x ∈ X, we denote the continuous map of Y into
Z such that gx(y) = g(x, y), y ∈ Y . By gˆ we denote the map of X into the set C(Y,Z) such that gˆ(x) = gx , x ∈ X.
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(x, y) ∈ X × Y .
A topology t on C(Y,Z) is called splitting if for every space X, the continuity of a map g :X × Y → Z implies
that of the map gˆ :X → Ct(Y,Z). A topology t on C(Y,Z) is called admissible if for every space X, the continuity
of a map f :X → Ct(Y,Z) implies that of the map f˜ :X × Y → Z. (See [2,8,3].)
Another way to introduce the notions of splitting and admissible topologies is the following. The continuous
convergence [Y,Z] is the coarsest convergence on C(Y,Z), for which the natural coupling 〈·, ·〉 :Y × C(Y,Z) → Z
is jointly continuous. A topology on C(Y,Z) is splitting if and only if it is coarser than [Y,Z]; it is admissible if and
only if it is finer than [Y,Z] (see, for example, [2,5]).
Let O(Y ) be the family of all open sets of the space Y . The Scott topology on O(Y ) (see [4] and [12]) is defined as
follows: a subset H of O(Y ) is open if:
(α) U ∈H, V ∈O(Y ), and U ⊆ V imply V ∈H, and
(β) for every collection of open sets of Y , whose union belongs to H, there exists a finite subcollection whose union
also belongs to H.
The Isbell topology on C(Y,Z) (see [13]) is the topology for which the family of all sets of the form
(H,U) = {f ∈ C(Y,Z): f−1(U) ∈H},
where H is an element of the Scott topology on O(Y ) and U is an open subset of Z, compose a subbasis.
2. Introduction
It is well known that the Isbell topology is always splitting (see [10,13,14,17]) and the compact-open topology
(see [2,8]) is coarser than the Isbell topology, thus is splitting. In general, the Isbell topology (and, therefore, the
compact-open topology) is not the finest splitting topology (see [11]), denoted here by tfs.
A space X is consonant if and only if the Isbell and the compact-open topologies on C(Y,Z) coincide for every
topological space Z (see [5] and also [15]).
It is known that:
(1) If Y is a regular locally compact space and Z is an arbitrary space, then the compact-open topology is admissible
(see [3]) and, therefore, coincides with tfs.
(2) If Y is corecompact and Z is an arbitrary space, then the Isbell topology is admissible (see, for example, [13,14,
17]) and, therefore, coincides with tfs.
(3) If Y is an arbitrary space and Z is the Sierpinski space, then the Isbell topology coincides with tfs (see [16,17]).
In [11] it is shown that in the set C(Nω,N) of all continuous maps of Nω into N , where N is an infinitely countable
discrete topological space, the compact-open topology is not the finest splitting topology. Since Nω is consonant the
Isbell topology also is not the finest splitting topology.
3. On the compact-open and finest splitting topologies
For every space M and its point x we denote by x the point (x, x, . . .) of the product Mω .
Definition 1. It is said that a space M has the Specific Extension Property if it satisfies the following conditions:
(a) there exists a subset {z0, z1, . . .} of M (with zi = zj if i = j ) and
(b) for every compact subset K of Mω and an element ψ of C(Mω,M) there exist an integer m  0 and a point
y ≡ (y0, y1, . . .) ∈ Mω
such that:
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(2) y /∈ K ∪ {z0, z1, . . .}, zi /∈ K if i m, and the singletons {y} and {zi}, i m, are simultaneously open and closed
subsets of K ∪ {z0, z1, . . .} ∪ {y} (in the relative topology).
(3) Each continuous map
ϕ :K ∪ {z0, z1, . . .} ∪ {y} → M
for which
ϕ|K∪{z0,...,zm−1} = ψ |K∪{z0,...,zm−1}
has a continuous extension f :Mω → M .
In what follows, a space M having Specific Extension Property will be called briefly a SEP-space and the set
{z0, z1, . . .} of the above definition will be called a marked countable set of M or briefly a mark of M .
Proposition 3.1. Let M be a SEP-space and {z0, z1, . . .} a mark of M . If U is an open subset of M with U = M , then
the set
F = {f ∈ C(Mω,M): f (f (z0), f (z1), . . .) ∈ U}
is not open in the compact-open topology on C(Mω,M).
Proof. Let K1, . . . ,Kn be compact subsets of Mω and U1, . . . ,Un open subsets of M . We consider the set
H = {f ∈ C(Mω,M): f (Ki) ⊆ Ui, i ∈ {1,2, . . . , n}}.
To prove the proposition it suffices to show that H ⊆ F , that is to find an element of C(Mω,M) which belongs to H
and does not belong to F .
Consider the compact subset K = K1 ∪ · · · ∪ Kn of Mω and let ψ ∈ H . Since M is a SEP-space there exist an
integer m 0 and a point y ≡ (y0, y1, . . .) ∈ Mω satisfying the conditions (1)–(3) of Definition 1.
Now, we consider the map




ψ(x), if x ∈ K ∪ {z0, . . . , zm−1},
yi, if x = zi and i m,
q, if x = y,
where q is an arbitrary point of M \U .
Clearly,
ϕ|K∪{z0,...,zm−1} = ψ |K∪{z0,...,zm−1}.
By the condition (2) of Definition 1, the singletons {y} and {zi}, i m, are simultaneously open and closed subsets
of K ∪ {z0, z1, . . .} ∪ {y}, which implies that the map ϕ is continuous.
By the condition (3) of Definition 1, there is a continuous extension
f :Mω → M
of the map ϕ. For this extension, using the condition (1) of Definition 1, we have
f
(
f (z0), . . . , f (zm−1), f (zm), f (zm+1), . . .
)
= f (ψ(z0), . . . ,ψ(zm−1), ym, ym+1, . . .)= f (y) = ϕ(y) = q /∈ U, (1)
which means that f /∈ F . On the other hand, since f on the set K coincides with ψ , we have f ∈ H . Thus, H ⊆ F . 
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is a continuous map, then the map h :X → M for which
h(x) = g(x, (g(x, z0), g(x, z1), . . .)), x ∈ X,
is continuous.
Proof. Clearly, the maps
gzi :X → M, i ∈ N,
for which gzi (x) = g(x, zi), and the map




g(x, z0), g(x, z1), . . .
)
are continuous.
We prove that h is continuous. Let x ∈ X and U be an open neighborhood of h(x) in M . By the continuity of g
there exist open neighborhoods V1 of x in X and W1 of (g(x, z0), g(x, z1), . . .) in Mω, respectively, such that




g(x, z0), g(x, z1), . . .
) ∈ W1,
by the continuity of the map g(z0,z1,...) there exists an open neighborhood V2 of x in X such that
g(z0,z1,...)(V2) ⊆ W1.
Let V = V1 ∩ V2 of X. Then, x ∈ V and h(V ) ⊆ U , which means that the map h is continuous. 
Remark. The definition of the set F of Proposition 3.1 is a modification of the definition of the set F considered for
the case M = N in [11] (see also [9]). The map h of Proposition 3.2 for the case M = N is also considered in [11].
Proposition 3.3. Let M be a SEP-space and {z0, z1, . . .} a mark of M . Suppose that X is an arbitrary space, g :X ×
Mω → M is a continuous map, and h :X → M is the map of Proposition 3.2. Then, gˆ−1(F ) = h−1(U), where U and
F are the sets considered in Proposition 3.1.
Proof. Using the definitions of the set F and the map gˆ we have:
x ∈ gˆ−1(F ) ⇔ gˆ(x) ∈ F
⇔ gˆ(x)(gˆ(x)(z0), gˆ(x)(z1), . . .) ∈ U
⇔ gˆ(x)(g(x, z0), g(x, z1), . . .) ∈ U
⇔ g(x, (g(x, z0), g(x, z1), . . .)) ∈ U
⇔ h(x) ∈ U
⇔ x ∈ h−1(U).  (2)
Theorem 3.4. If M is a SEP-space, then the compact-open topology on C(Mω,M) does not coincide with the finest
splitting topology.
Proof. Consider the sets U and F of Proposition 3.1. For every continuous map g :X × Mω → M the set gˆ−1(F )
coincides by Proposition 3.3 with the set h−1(U) and, therefore, gˆ−1(F ) is open in X. This means that the topology t
for which the set tfs ∪ {F } is a subbasis, is splitting and, therefore, t = tfs. On the other hand, by Proposition 3.1, F is
not open in the compact-open topology. Thus, the compact-open topology does not coincide with the finest splitting
topology. 
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finest splitting topology.
Proof. Since M is ˇCech complete, the space Mω is also ˇCech complete (see, for example, [7]). Thus, Mω is a conso-
nant space and, therefore, the Isbell topology on C(Mω,M) does not coincide with the finest splitting topology. 
Theorem 3.6. An infinitely countable free union P of non-empty spaces is a SEP-space and, therefore, the compact-
open topology on C(Pω,P ) does not coincide with the finest splitting topology.
Proof. Suppose that P is the free union of nonempty spaces Qi , i ∈ ω (that is, Qi ∩ Qk = ∅ if i = k and a subset U
of P is open if and only if U ∩Qi is open in Qi ). We denote by pj :Pω → P , j ∈ ω, the j -projection of Pω onto P .
As a mark of P we shall consider a subset {z0, . . . , zi , . . .}, where zi ∈ Qi . Let K be a compact subset of Pω and
ψ an element of C(Pω,P ). To prove the theorem, we need to find an integer m 0 and a point y ≡ (y0, y1, . . .) ∈ Pω
satisfying the conditions (1)–(3) of Definition 1.
As the integer m we consider a positive integer such that
K ⊆ p−10 (Q0 ∪ · · · ∪Qm−1).
The existence of such an integer follows by the fact that the set p0(K) is a compact subset of P .
Similarly, there exists an integer m′  0 such that
K ⊆ p−1m (Q0 ∪ · · · ∪Qm′).
We define a point y ≡ (y0, y1, . . .) ∈ Pω as follows:
(a) yi = ψ(zi) if i ∈ {0, . . . ,m− 1},
(b) ym is an arbitrary point of Qjm , where jm m′ + 1,
(c) ym+1 is an arbitrary point of Qjm+1 , where jm+1 = jm,
(d) ym+2+i , i ∈ N , is an arbitrary point of P .
The above condition (a) implies the condition (1) of Definition 1. To prove the conditions (2) and (3) of Definition 1
we consider the subset
V = p−1m (Qjm)∩ p−1m+1(Qjm+1)
of Pω. This subset is simultaneously open and closed. Since pm(y) ∈ Qjm and pm+1(y) ∈ Qjm+1 , we have y ∈ V .
On the other hand, since jm = jm+1, for every i ∈ ω we have that either i = jm or i = jm+1 which means that either
zi /∈ p−1m (Qjm) or zi /∈ p−1m+1(Qjm+1). In both cases, zi /∈ V . In particular, the last relation implies that zi = y.
Also, we have K∩V = ∅. This fact follows by relations: pm(K) ⊆ Q0 ∪· · ·∪Qm′ , pm(V ) ⊆ Qjm , and jm m′+1.
Now, we set⎧⎨
⎩
W = p−10 (Q0 ∪ · · · ∪Qm−1) \ V,
Wm+i = p−10 (Qm+i ) \ V, i ∈ ω,
Wy = V.
(3)
These open sets are mutually disjoint and its union is the space Pω. Moreover, K ∪ {z0, z1, . . . , zm−1} ⊆ W, zm+i ∈
Wm+i , i ∈ ω, and y ∈ V . These relations imply immediately the condition (2) of Definition 1.
We prove the condition (3). Consider a map
ϕ :K ∪ {z0, z1, . . .} ∪ {y} → P
for which
ϕ|K∪{z0,...,zm−1} = ψ |K∪{z0,...,zm−1}.
We define a map f :Pω → P setting
f (x) =
{
ψ(x), if x ∈ W,
ϕ(zm+i ), if x ∈ Wm+i , i ∈ ω,
ϕ(y), if x ∈ V.
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Since a countable free union of ˇCech complete spaces is ˇCech complete (see [7]), we have the following corol-
lary.
Corollary 3.7. If P is an infinitely countable free union of non-empty ˇCech complete spaces, then the Isbell topology
on C(Pω,P ) does not coincide with the finest splitting topology.
Corollary 3.8. If P is a non-compact zero-dimensional Lindelöf space, then the compact-open topology on C(Pω,P )
does not coincide with the finest splitting topology.
Proof. Since P is non-compact there exists an open cover c0 of P which does not contain any finite subcover of P .
Since P is zero-dimensional there exists a basis b for open subsets of P consisting of simultaneously open and closed
subsets. Without loss of generality, we can suppose that b, as a cover of P , is a refinement of c0. Since P is Lindelöf
there exists a countable subcover c = {V0,V1, . . .} of b.
Now, we set U0 = V0 and inductively
Ui+1 = Vi+1 \
(⋃{
Vj : j ∈ {0,1, . . . , i}
)
, i ∈ ω.
Let {Q0,Q1, . . .} be the set of all non-empty sets Ui , i ∈ ω. We can suppose that Qi ∩Qj = ∅ if i = j . By the choice
of the cover c0, the set {Q0,Q1, . . .} is an infinite cover of P by mutually disjoint open and closed subsets. Thus, P is
an infinitely countable free union of non-empty spaces. By Theorem 3.6, P is a SEP-space. 
Corollary 3.9. (See [11].) The compact-open topology (and, therefore, the Isbell topology) on C(Nω,N) does not
coincide with the finest splitting topology.
Theorem 3.10. Let T be an arbitrary Hausdorff space such that:
(1) There exists a closed subset {z0, z1, . . .} of T (with zi = zj if i = j ) whose relative topology is the discrete
topology.
(2) For every compact subset K of T ω and a continuous map
ϕ :K ∪ {z0, z1, . . .} → T ,
there exists a continuous extension f :T ω → T of the map ϕ.
Then, T is a SEP-space and, therefore, the compact-open topology on C(T ω,T ) does not coincide with the finest
splitting topology.
Proof. We shall prove that T is a SEP-space having the set {z0, z1, . . .} as a mark. For this purpose, consider a compact
subset K of T ω and an element ψ of C(T ω,T ). We need to find an integer m 0 and a point y ≡ (y0, y1, . . .) ∈ T ω
satisfying the conditions (1)–(3) of Definition 1.
We denote by m > 0 a natural number such that {zm, zm+1, . . .} ∩ p0(K) = ∅. Since p0(zi) = zi the last relation
means that zi /∈ K for every i m.
Also, we denote by m′ a natural number such that {zm′ , zm′+1, . . .} ∩ pm(K) = ∅. Let k be an integer such that
k m′ and zk = ψ(z0). Then, we set:
y ≡ (ψ(z0), . . . ,ψ(zm−1), zk, zk, . . .).
Since pm(y) = zk and k  m′, the condition {zm′ , zm′+1, . . .} ∩ pm(K) = ∅ implies that zk /∈ pm(K), which means
that y /∈ K . Since zk = ψ(z0), we have y = zi for every i ∈ ω. Also, the subset {z0, z1, . . .} of T ω is closed and the
relative topology on this set is the discrete topology.
Clearly, the conditions (1) and (2) of Definition 1 are satisfied. In particular, the fact that T is Hausdorff and that
the set {z0, z1, . . .} is closed in T ω implies that the singletons {y} and {zi}, i m, are simultaneously open and closed
subsets of K ∪ {z0, z1, . . .} ∪ {y}.
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of the theorem if in the condition (2) we consider as K the set K ∪ {y}. 
The following corollary follows immediately by Theorem 4.1 of [6].
Corollary 3.11. If T is a metric locally convex linear space, then the compact-open topology on C(T ω,T ) does not
coincide with the finest splitting topology.
Using the fact that the (separable infinite dimensional) Hilbert space is homeomorphic to the countable infinite
product of lines (see [1]) we have the following two corollaries.
Corollary 3.12. On the set of all continuous maps of the (separable infinite dimensional) Hilbert space into the
Euclidean space Rn, n ∈ ω \ {0}, the compact-open topology does not coincide with the finest splitting topology.
In particular,
Corollary 3.13. On the set of all real-valued continuous functions on the (separable infinite dimensional) Hilbert
space the compact-open topology (and, therefore, the Isbell topology) does not coincide with the finest splitting topol-
ogy.
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